In this comment, we discuss some features of the multipolar expansion of the power radiated by a confined system of charges and currents, and the possibility of generalization to a higher arbitrary order of the multipolar expansion.
This comment does not intend only to criticize Ref. 1 which, generally, contains correct results, but to make the interested reader aware of a certain type of problems around existing results and on the fact that they are still open to new theoretical and pedagogical contributions.
Usually, for obtaining the multipolar expansion of the electromagnetic field, one deals with the integral on a finite domain D of a function F (x ′ , R) having the suport included in D:
Here R = x − x ′ , the point P (r) is in the exterior of D, and the origin of the Cartesian coordinates is O ∈ D. Denoting by d the linear dimension of D, one obtains an F series expansion in powers of d/r, r = |x|, by the following procedure:
With F supposed satisfying all necessary conditions, we can invert the derivative, summation and integration operations such that
Equation (3) is just the basic formula for providing the multipolar expansions in Cartesian coordinates. Equations (16) and (12) from 1 are Jefimenko equations and can be written in the following form:
These equations, in fact, introduce the retarded potentials A and Φ if it is possible to invert the order of the derivative and integral operations. In 1 this possibility is not considered. Consequently, the multipole expansion of the field should be calculated using the Taylor series of the integrand from Jefimenko equations. Just in such circumstances Jefimenko equations would be usefull. But, in this case, it is not possible to perform the multipole expansion of the field in an arbitary point from the exterior of the domain D. Otherwise, the calculation of the multipole expansions is the same as in the case of using the potentials, but with some unnecessary complications as the permanent specification of some derivatives expressing the relation between fields and potentials. In the case of radiation field, the problem of multipole expansion is simplified in this respect. The radiation field is defined in Ref.
1 by retaining in the expressions of the fields E and B only the terms of order 1/r. However, we point out the insufficiency of this condition when calculating the radiated angular momentum. In this case, the terms of order 1/r 2 are also necessary. Equations (28) and (29) from Ref.
1 , obtained from a relative complicated calculation, are, in fact, well known from Ref.
2 (equations (66.3)). A direct verification of these equations, suggested in a footnote on page 184 from Ref.
2 , is given in Ref. 3 , and also in Ref. 4 . Proving the equations (66.3) from Ref.
2 , one uses, in fact, Jefimenko's equations since equations B = ∇ × A and E = −∇Φ − 1 cȦ are written by inverting the order of the ∇ and the integration operations, giving the retarded potentials A and Φ. Therefore, equations (28) and (29) from Ref.
1 correspond, as result as well as demonstration, to equations (66.3) from Ref.
2 which are written in the following form:
Here, ν = x/r and A rad is the radiation vector potential given by equation (66.2) from Ref.
2 :
where t 0 = t − r/c. This last expression is present in equations (28) and (29) 7 ) may be used to introduce, without additional computational complications, the general expression for the multipolar expansion of the electromagnetic field. One needs just a minimal set of notions on tensor calculus and to be able to choose some simple notation for tensor contraction.
Let be the Taylor series of the integrand from equation (6) considering only the dependence of x ′ through the retarded time. By introducing the arbitrary vector ξ, we can write
we can write
Starting from this expansion and applying the procedure introduced in Ref.
7 for the static case and then generalized to the radiation field in Ref. 4 , one obtains the general form of the expansion:
Let us define
e i being the unit vectors of the Cartesian axes. Introducing the consequence of the continuity equation
we obtain
Let us introduce the n − th order electric moment of the charge distribution by the components
and the associated vector
such that
where the cancellation of a surface integral is considered. Because of ∇ ′ x ′ i = e i and of the symmetry of the contracted indices, we can write
So, we can write
We introduce, as in Ref. 7 , the n − th order magnetic moment by the Cartesian components:
Therefore, we can write
(ν, t 0 ; n + 1).
With the last result, equation (8) can be written as
After performing a change in the summation index of the last sum,the expansion of the vector potential can be written as
Using equations (5) and (15), we obtain
Equation (16) is sufficient for calculating the total power radiated by the given charge and current system, but this calculation is possible in a general form if instead of the "primitive" tensors M (n) and P (n) one introduces total symmetric and trace free (STF) tensors. 
introduced in the field expansion instead of the tensor representing the electric 4-polar moment P (2) .
We point out that field invariance to the substitution
is an isolated case. For other substitutions of P (n) or M (n) by their projections on the space of STF tensors the field is not invariant and, consequently, the physical results also not. This circumstance is pointed out in Ref. 6 , too. However, these substitutions are possible with the price of introducing modified STF tensors generally different from the projections of the "primitive" tensors 5 .
